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Abstract

The problem of a crack in a general anisotropic material under conditions of linear elastic fracture mechanics (LEFM)
is examined. In Part I, three methods were presented for calculating stress intensity factors for various anisotropic mate-
rials in which z = 0 is a symmetry plane and the crack front is along the z-axis. These included displacement extrapolation,
the M-integral and the separated J-integrals.

In this study, general material anisotropy is considered in which the material and crack coordinates may be at arbitrary
angles. A three-dimensional treatment is required for this situation in which there may be two or three modes present. A
three-dimensional M-integral is extended to obtain stress intensity factors. It is applied to several test problems, in which
excellent results are obtained. Results are obtained for a Brazilian disk specimen made of isotropic and cubic material. Two
examples for the latter are examined with material coordinates rotated with respect to the crack axes.
© 2006 Published by Elsevier Ltd.
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1. Introduction

In part I of this study [1], the problem of a crack in an anisotropic material was studied for the case in which
x3 =z =0 1is a plane of material symmetry. The crack coordinates were defined as x, y and z; whereas, the
material coordinates were x;, i = 1,2,3 (see Fig. 1).
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Nomenclature

E)((N )(z) virtual crack extension in the x-direction (see Fig. 2)
m;; defined in general in Egs. (17)—(19)

ny normal to the crack front (see Fig. 2)

pi, i=1,2,3 eigenvalues of the compatibility equations with positive imaginary part

qi virtual crack extension

r radial crack tip coordinate

ty matrix of direction cosines between the material and crack tip coordinate systems
u;, i =x,y,z displacement vector with reference to the crack tip coordinate system

x;, i =1,2,3 material coordinate system

X, y, z local crack tip coordinate system

A area of the virtual crack extension in the plane ahead of the crack (see Eq. (35))
C contracted stiffness matrix in the material coordinates

Y(2) energy release rate along the crack front

J and R represent the imaginary and real parts of a complex quantity, respectively

K;, j=LILIII stress intensity factors

Ly length of an element along the crack front (see Fig. 2)

M2 M-integral with 1 the desired solution and 2o, o = a,b, ¢ the auxiliary solution
N element number along the crack front (see Fig. 2)

Ny 3 x 3 matrix in Eq. (14)

N,;l inverse matrix of N

0; defined in Eq. (13)

R, 6 x 6 matrix for rotating the contracted compliance matrix

R 6 X 6 matrix for rotating the contracted stiffness matrix

Sy, i,j=1,...,6 contracted compliance matrix

gj reduced compliance matrix (see Eq. (7))

S contracted compliance matrix in the material coordinates

V volume within which the conservative integral is calculated (see Fig. 2)
w strain energy density

W12 the interaction strain energy density defined in Eq. (36)

0y Kronecker delta

€5 I,j = X,y,z strain tensor

Ai defined in Eq. (16)

Oyxs Oy Oxys Ozy, 0z, Stress components with reference to the crack tip coordinate system
0 polar crack tip coordinate
0, 0,, 0. Euler angles, defined before Eq. (45)

Xzy 3
1

X
z X3

Fig. 1. Crack tip coordinates.

The first term of the asymptotic expressions for the stress and displacement fields for anisotropies in which
z =x3 =0 is a symmetry plane were used in the derivation of three methods for calculating stress intensity
factors: displacement extrapolation, M-integral and separated J-integrals. It was shown that the energy based
conservation integrals were most accurate. The separated J-integrals were only valid for particular symme-
tries. Hence, they may not be employed in this part of the investigation.
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Instead, the M-integral is extended for the general anisotropic case and presented in Section 2. In Section 3,
some numerical examples are described. First, three benchmark problems are considered in which the material
is taken to be isotropic and cubic. The material axes for the cubic material are taken to be aligned and rotated
with respect to the crack axes. The exact displacement field is used in the context of the finite element method
to assess numerical error. Various virtual crack extensions are explored. It is seen that the M-integral produces
accurate results. Next, a thick plate containing a central crack is analyzed for various relative positions of a
cubic material. Finally, the Brazilian disk specimen also composed of isotropic and cubic material, containing
a central crack rotated with respect to the loading axis is discussed.

To begin with, the first term of the asymptotic expressions for the stress and displacement fields originally
derived by Hoenig [2] are presented. They are given by

1 3 pzNilK/
O = R Y , 1
= Vo [Z 0 m
1 3. N'K;
Oy = R Y , 2
= | 2 Ql-] >
I N KA N
Y \2mr P 0 ’
1 3 pi/ilN; 'K
Oy = R v 4
= @)
1 IN'K;
0= — | S L 5
’ \V2nr [; 0, ] )
2r
—f ZmUN//lKlQ/]v (6)
J

where R represents the real part of the quantity in brackets, two repeated indices in Egs. (1)—(6) obey the sum-
mation convention from 1 to 3, the coordinates x, y, and z refer to the crack coordinates in Fig. 1, r and 0 are
polar coordinates in the x — y plane, K; represents the stress intensity factors K;, K;; and Kj;;. The contracted
compliance matrix S;; is rotated to the crack tip coordinate frame. The indices that relate the tensor and vector
forms of the stresses and strains and the full and contracted versions of the stiffnesses and compliances are
taken such that 11 — 1, 22 — 2, 33 — 3, 23 — 4, 13 — 5 and 12 — 6. Plane deformation is assumed, so that
€.. = 0 to first order; as a result, the reduced compliance matrix is used in the analysis. The components are
given by

8383,
S.=8; - J 7
=Sy =, )
where i, j=1,2,4,5,6, S;j is symmetric and
S;3 = Sl3i =0. (8)

The parameters p,, i =1, 2, 3, are the eigenvalues of the compatibility equations with positive imaginary
part. These are found, in general, from the characteristic sixth order polynomial equation

L(p)L(p) — B(p) =0, )
where

L(p) = S5sp” — 284sp + Siy, (10)

I(p) :Slsp - (S/14+S56)P (SlszrSits)P_SZ% (11)

Li(p) = S1,p* = 281p° + (25}, + S4e)p” — 28560 + Shy. (12)
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The expression Q; is given by
0, = +/cos 0+ p,sin . (13)
The matrix
1 1 1
Nj=|-n —p» —ps | (14)
A =k =
its inverse is given by

PrAs—psla A3a—/Ja py—ps
Pl —pids di—2y py—pp |- (15)
P2 —ph da—A pr—py

N'=—
YN

The parameters A; are given by

. 3(p;)
o )| 16
L (p;) "
where i = 1,2,3. The parameters m; in Eq. (6) are given by
my; = Slllpiz — Si6p; + Sy + 4(S)sp — Sha), (a7
my; = Sllei - S/26 + S,zz/Pi + )w'(S,zs - S,24/pi)’ (18)
ms; = Sillpi - Sité + S:tZ/pi + )~i(S£ts - S£14/pi)' (19)

It may be noted that the expressions in (16)—(19) appear to rely on the Lekhnitskii formalism [3], although
there are differences with Lekhnitskii for A3 and ms;. These expressions developed in [2] are correct.

2. The M-integral for calculating stress intensity factors

In this section, a three-dimensional M-integral is derived for calculating stress intensity factors of a straight
through crack in a body composed of general anisotropic materials. The conservative M-integral was first pre-
sented in [4] for mixed-mode problems in isotropic material and in [5] for anisotropic materials in which
x3 =z =0 1s a symmetry plane.

Here, the crack is at an arbitrary angle to the material axes of a general anisotropic material. As mentioned
earlier, crack coordinates are defined as x, y and z as shown in Fig. 1; the x-axis is in the plane of the crack and
perpendicular to the crack front, the y-axis is perpendicular to the crack plane and the z-axis is along the crack
front. The material coordinates are given by x; (i = 1,2,3). The compliance matrix S;; is rotated to coincide
with crack coordinates when used in the expressions for the stress and displacement fields in Egs. (1)—(6).

For this geometry and material, a three-dimensional treatment is required. The three-dimensional J-integral
was first derived in [6] with another derivation presented in [7]. It may be written as

Ly Ou; 0
@(z) ™) _ / O s | S0 20
/0 (2)6;" (z)n,dz ; 0y o Wéy; ax, dr, (20)

where ¥ is the energy release rate along the crack front, §¢ = KN(XN 'n, is the normalized virtual crack extension
orthogonal to the crack front, n, is the unit normal to the crack front in the x-direction, N represents element
N along the crack front, and Ly is its length (see Fig. 2a). Indicial notation is used on the right hand side of
Eq. (20). The strain energy density W = 1/26,¢; and ;; is the Kronecker delta. The subscripts i and j are used
to represent x, y and z; that is, ;;, €;; and u; represent the stress, strain and displacement components written in
the crack tip coordinate system. Volume J reaches from the crack tip to an arbitrary outer surface S, as illus-
trated in Fig. 2b. On S, ¢, is zero; it takes on the value /. along the crack front and is continuously differen-
tiable in V (for details, see [7]).
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Fig. 2. (a) Virtual crack extension d¢ for a through crack denoted on the finite element mesh. (b) In-plane volume 7" and outer surface S.
Note that the integral begins at the crack front.

On the other hand, by means of the crack closure integral, the relationship between the energy release rate
and the stress intensity factors may be written as [2]

1 ~ — ~ — ~ —
G = —E{KI;S(mz,-NUlKj) ‘i—KHJ(mliNile/') —|—KHIJ(m3,'Ni/.1Kj)}, (21)

where 3 represents the imaginary part of the expression in parentheses and summation should be applied to
repeated indices.

The energy release rate ¢, as well as the stress intensity factors are taken to be piecewise constant along the
crack front. The M-integral is calculated within a volume of elements orthogonal to the crack front assuming
these unknowns as constant values.

The individual stress intensity factors are obtained from the M-integral. As is usual for this derivation, two
equilibrium solutions are superposed; this is possible since the material is linearly elastic. Thus, define

0 = —|— a,j s (22)

e,;,-:ef;we;fu )

u; = ufv + u,@. (24)
The stress intensity factors associated with the superposed solutions are

K=k +Kk?, (25)

Ky = K;Il) + Kﬁf), (26)

K =K + K5, (27)

Solution (1) is the sought after solution; the fields are obtained by means of a finite element calculation. Solu-
tion (2) consists of three auxiliary solutions which are derived from the first term of the asymptotic solution in
Egs. (1)—(6). The stress intensity factors of solutions (2a), (2b) and (2¢) are given, respectively, by

KM =1, Kk} =0 k=0, (28)

K® =0, k=1, k=0 (29)
and

K% =0, K% =0, Kk =1. (30)

Substitution of Egs. (28)—(30) into Eq. (21) with the usual manipulation for the M-integral (see, for example
[4,5,8]) leads to

M2 = _ {21<I I3(muN,") + KV S(miuN' + mouN3') + K S3(muN G + myuN; Y, (31)
MU = {Kl 3(myNy,' +muNy') + 2K1 3(muNy') —i_KlIl‘s(mllNﬁ +myNy' Y (32)
M) = {KI (m2tN13 + m3N;y )‘i‘Kii)i (mlth3 + myN )+2KII (m3iNi_31)}~ (33)
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In addition, manipulation of Eq. (20) leads to

1 oul™ ou'") 0q
o2 — L / M e i paans |0 gy 34
A Jy % Tox | + o Ox; 1 o, (34)

where o = a, b and ¢ in succession, n, = 1,

Ly
A= [ 80 (35)
0
and the interaction energy density
(120) _ (1) (20) _ _(22) (1)
W =0 =0 € (36)

Values of the stress, strain and displacement fields obtained from a finite element calculation are substituted
into Eq. (34) as solution (1), together with each auxiliary solution to compute three values of M"**. Using
these values in the left hand sides of Egs. (31)—(33) leads to three simultaneous equations for Kj, Kj; and Kiyy.

3. Numerical calculations

In this section, results from several calculations are presented. First, three benchmark cases are described in
Section 3.1 to examine different virtual crack extensions, as well as to demonstrate the excellent results
obtained by means of the M-integral. In these cases, the first term of the asymptotic displacement field with
different values for the stress intensity factors is prescribed on one or two elements. In Section 3.2, finite ele-
ment analyses are carried out on a thick, large plate containing a central crack. Tensile and in-plane shear
stresses are imposed separately. Stress intensity factors are computed and compared to plane strain values.
Then, in Section 3.3, solutions are presented for a Brazilian disk specimen composed of cubic material rotated
with respect to the crack plane and loaded with two different angles. For comparison purposes, an isotropic
Brazilian disk specimen is also examined.

The stress intensity factors obtained are average values along the crack front within each element or a pair
of elements. Therefore, the results are not continuous through the thickness. In the graphs however, either the
mid-point of each element or an element corner is taken as the z-coordinate, so that the curves remain smooth.

In this study, prismatic elements are employed about the crack front as shown in Figs. 3a and b for one or
two rings of elements, respectively. The second ring consists of brick elements. The relation between the crack
front coordinates and the material coordinates is presented in the Appendix.

For a through crack, two types of virtual crack extensions are examined. The first is the parabolic extension
shown in Fig. 4a. This is denoted as qil) and carried out in one layer of elements along the crack front as
shown in Fig. 3a or b. The second type of virtual crack extension is shown in Fig. 4b. This is denoted as
q(l2> and carried out in two element layers along the crack front. At the surface of the body, two other virtual
crack extensions may be considered. At the front and back surfaces of the body, the virtual crack extensions
are illustrated, respectively, in Figs. 4c and d, and denoted as qi3> and q(l4). Each is carried out in one layer of
elements.

a Y b X

z
z

Fig. 3. Domain of integration using (a) one or (b) two rings of elements.
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a b ) c d

1 —X

iz *Z *z ¢Z
Fig. 4. Virtual crack extensions: (a) parabolic denoted q(11>, (b) linear (two-sided), qﬁzJ (c) linear (front surface), q(13), and (d) linear (back
surface), q(14).

3.1. Prescribed displacement tests

An initial series of tests are performed to verify implementation of the M-integral. In these tests, finite ele-
ment analyses are not carried out. Rather, nodal displacements for all elements participating in the M-integral
evaluation are determined from Eq. (6). Three cases are considered in which one of the stress intensity factors
is assumed unity and the other two are assumed zero. The displacements are used to determine the stress and
strain components by means of a finite element formulation and substituted into Eq. (34) for the M-integral.
The stress intensity factors found by solving Eqgs. (31)—(33) simultaneously are compared to the prescribed
values.

The purpose of these tests is two-fold. First, as verification; if the M-integral evaluation is encoded cor-
rectly, then the computed stress intensity factors should be close to the prescribed values. Second, the differ-
ence between the prescribed and computed values gives a quantitative assessment of the ‘intrinsic’ error in the
computations and an indication of the relative performance of the differing ¢; functions and the number of
element rings. Intrinsic errors are those which arise from the approximate numerical techniques used to cal-
culate the integrals.

Three material types are considered: isotropic, cubic with x; = z = 0 a symmetry plane, and general aniso-
tropic. The stress intensity factors obtained for isotropic material do not depend upon material properties. The
cubic material chosen for study is used in jet engine turbine blades. It is a single crystal, nickel-based super-
alloy (PWA 1480/1493) described in a NASA report [9]. The material properties are presented in Table 1.

Results are presented in Table 2 for isotropic material and the four crack extensions and one or two rings. It
may be observed for the K; = 1 case that the two other stress intensity factors are zero when either one or two

Table 1
Cubic mechanical properties for PWA 1480/1493 [9]
Ei1 = E»» = Ey3 = 15.4%x 10° (psi)

fi2 = i3 = 3 = 15.7 % 10° (psi)
Vig = Va3 = Vi3 = 0.4009

Table 2

Computed stress intensity factors for prescribed nodal displacements: isotropic material

Rings qi") Prescribed K; =1 Prescribed Kj; =1 Prescribed Ky =1
n KI KII KIII KI KII KIII KI KII KIII

1 1 0.969 107" 107" 1071¢ 0.970 107" 10718 10718 0.956
2 1.011 1077 107" 1077 1.005 10718 10718 10718 1.007
3 1.011 10718 0 107" 1.005 0.054 10718 0.085 1.007
4 1.011 1077 10718 1077 1.005 —0.054 10718 —0.085 1.007

2 1 0.997 10716 1077 1071¢ 0.999 1077 1077 10718 0.999
2 0.997 10718 0 107" 0.999 10718 10718 10718 0.999
3 0.997 1077 1077 10777 0.999 0.153 1077 0.251 0.999
4 0.997 107" 107" 107" 0.999 —0.153 107" —0.251 0.999
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rings are used in the integration scheme with any of the virtual crack extensions. With two rings, all of the
stress intensity factors which are prescribed to be unity converge to the same value near unity for each of
the virtual crack extensions. However, the mode two and three stress intensity factors Ky and Kjyy are not zero,
respectively, when Kyp and Ky are prescribed to be unity and the crack extension is given in either Figs. 4¢ or
d. That is, the non-symmetric virtual crack extension for the front and back surfaces of the body, do not lead
to the correct results. It may also be noted that the parabolic virtual crack extension in Fig. 4a leads to less
accurate results when integrating in one ring only.

For the cubic material in which the material and crack axes coincide, results are exhibited in Table 3. The
behavior obtained for the cubic material is identical to that obtained for the isotropic material. When the vir-
tual crack extension qﬁ” is employed with one integration ring, the results for the dominant stress intensity
factor deteriorates in comparison to those for the other virtual crack extensions. For two integration rings,
the results for the dominant stress intensity factors are identical for all virtual crack extensions to many more
significant figures than shown. They are also more accurate as compared to that obtained with one integration
ring. For the stress intensity factors which are prescribed to be zero, q(f) and q(14) provide results which are not
as close to zero as those found with the other two crack extensions. Interestingly, they are opposite in sign; so
that when q(lz) is used, their sum is obtained which is zero. This may also be observed for the isotropic material
in Table 2.

Finally, results for a more general case are shown in Table 4. In this case, the same cubic material whose
properties are presented in Table 1 is used. Here however, the material axes do not coincide with the crack
axes. To this end, three rotations, given as Euler angles, are used to obtain the compliance matrix in the crack
axes. These are 0. = 0, = 0, = n/4 (see the Appendix for the definition of the Euler angles used in this inves-
tigation). The components of the 3 x 3 matrix of direction cosines are given in Eq. (45). The compliance matrix
is full although some of the 21 components are either equal or opposite in sign. Here, it may be observed that
again using only one integration ring and the parabolic virtual crack extension leads to the least accurate

Table 3
Computed stress intensity factors for prescribed nodal displacements: cubic material
Rings q(l") Prescribed K; =1 Prescribed Ky; = 1 Prescribed Ky =1
n Kl Kl[ KII[ KI K[l Klll KI Kll Kl[l
1 1 0.953 1070 10718 1078 0.962 1071 10718 10~ 0.954
2 1.008 1071 1018 1078 1.007 10°1 10" 10-1 1.007
3 1.008 10710 10710 1078 1.007 0.003 1070 0.003 1.007
4 1.008 10710 10710 1078 1.007 —0.003 107° —0.003 1.007
2 1 1.003 10710 107" 108 1.001 10~ 10718 10714 1.000
2 1.003 1071 10" 1078 1.001 1071 107" 101 1.000
3 1.003 10710 107" 1078 1.001 0.006 107 0.009 1.000
4 1.003 1071 107° 1078 1.001 —0.006 107° —0.009 1.000
Table 4
Computed stress intensity factors for prescribed nodal displacements: cubic material with 0, = 0, = 0. = n/4
Rings qi") Prescribed K; = 1 Prescribed Ky = 1 Prescribed Ky =1
n KI KII KIII KI KII KIII KI KII KIII
1 1 0.960 0.007 0.001 0.007 0.965 —0.003 0.004 —0.005 0.959
2 1.009 0.001 1074 0.001 1.006 1073 1074 1074 1.007
3 1.007 —0.005 0.002 —0.003 0.993 0.033 —0.011 0.086 1.020
4 1.012 0.007 —0.002 0.005 1.019 —0.033 0.012 —0.086 0.994
2 1 0.998 —0.005 —0.001 —0.005 0.999 0.002 0.001 0.005 0.999
2 0.998 —0.005 —0.001 —0.005 0.999 0.001 —0.003 0.004 0.998
3 0.991 —0.022 0.005 —0.017 0.961 0.096 —0.034 0.259 1.039
4 1.006 0.011 —0.007 0.007 1.037 —0.093 0.029 —0.252 0.957

Please cite this article as: Leslie Banks-Sills et al., Methods for calculating stress intensity factors in anisotropic ..., En-

gineering Fracture Mechanics (2006), doi:10.1016/j.engfracmech.2006.07.005




225
226
227
228
229
230
231
232

233

234
235
236
237
238
239
240
241
242
243
244
245
246
247
248
249
250
251
252

L. Banks-Sills et al. | Engineering Fracture Mechanics xxx (2006) xxx—xxx 9

results for the dominant stress intensity factor. With two rings, both the parabolic and double triangular vir-
tual crack extension lead to nearly the same results. For this case, the stress intensity factors which are pre-
scribed to be zero are much less accurate than that for the isotropic and cubic materials. Moreover, there
is a further deterioration of these results when obtained with q§3> and q§4).

From this sample of results, as well as experience with other numerical experiments, the latter two virtual
crack extensions are not recommended. It may also be pointed out, that these crack extensions are used only at
the surfaces of a body. At that corner point, the character of the singularity changes and a value for the stress
intensity factor obtained in this way is not relevant.

3.2. Thick plate analysis

In this section, a thick plate, illustrated in Fig. 5, is considered. Since W/a = 15 and h/W = 1, the plate can
be thought of as being infinite in the x—y plane; the thickness B/W = 1. With this thickness, plane strain con-
ditions are approximated in the center of the plate. Boundary conditions to prevent rigid body motion are
shown in Fig. 6a. The plate is loaded in tension as shown in Fig. 6b, and in pure in-plane shear as shown
in Fig 6c.

The model and meshes were generated with FRANC3D [10]. The finite element analysis was performed
with ANSYS [11]. The computed nodal point displacements were read back into FRANC3D where the M-
integral was evaluated to determine the stress intensity factors. The virtual crack extensions in Figs. 4a and
b were employed using two element rings as shown in Fig. 3b.

The mesh shown in Fig. 7a was used for all analyses. A detail of the crack tip region is illustrated in Fig. 7b.
The mesh contains a total of 81,502 elements which are predominantly 10 noded tetrahedral elements. There
are 15 noded quarter-point wedge elements around the crack front with two rings of twenty noded brick ele-
ments surrounding the crack tip elements. Thirteen noded pyramid elements serve as a transition from the
brick elements to tetrahedral elements, as well as to the 20 noded outer bricks in the remainder of the mesh.
There are 68 elements through the specimen thickness along the crack front. There is a total of 121,490 nodal
points.

Four material cases are examined. In the first case, the material is taken to be isotropic with Young’s
modulus E = 15.4 x 10° psi and Poisson’s ratio v = 0.4009. These are the same values as those for the cubic
material. The material properties for a cubic material in Table 1 are used for three other cases. These include:

2a

e s e

4
—2W—

Fig. 5. Thick plate geometry containing a central through crack.

a b o+ c .
L@ A 4 4
N T —
y o ! !
Isz ! | | A
VAP I D \ I L
Bt g —
(x.y.2) VvV

Fig. 6. (a) Simply supported boundary conditions. (b) Applied tensile stress and (c) in-plane shear stress used in the analyses.

Please cite this article as: Leslie Banks-Sills et al., Methods for calculating stress intensity factors in anisotropic ..., En-
gineering Fracture Mechanics (2006), doi:10.1016/j.engfracmech.2006.07.005




253
254
255
256
257
258
259
260
261
262
263
264
265
266
267
268
269
270
271

10 L. Banks-Sills et al. | Engineering Fracture Mechanics xxx (2006) xxx—xxx

Fig. 7. (a) The mesh used for the thick plate analyses containing 121,490 nodal points. (b) A detail of the thick plate mesh in the crack
region.

(1) the material coordinates aligned with the crack axes, (2) 6, = n/4 (the material appears transversely isotro-
pic with the symmetry plane y = 0) and (3) 0. = 0, = 0, = n/4. The latter is the same material used in the pre-
vious section where the compliance matrix is full, although there are relations between some of the
components. It will be denoted here as triclinic.

Results for applied tension are presented in Fig. 8. The abscissa is the normalized coordinate along the
crack front z/B. The values of the stress intensity factors are normalized by the two-dimensional plane strain
value for the infinite plate of K1 = o/na. It may be observed in Fig. 8a that within the central portion of the
plate, the normalized K, for each case approaches unity. There is a small divergence for the transversely iso-
tropic material (0, = n/4). Possibly the plate is not sufficiently large to be infinite for this case. For the isotro-
pic plate and the plates with 6, = 0 and 0, = n/4, the results are symmetric with respect to the center line. As
expected, this does not occur for the case in which the material is triclinic in the crack coordinates. Moreover,
for the cubic rgaterial,j( 1 reaches the highest values near the specimen surface.

In Fig. 8b, K1 and Ky are plotted for the triclinic material. For the other three materials, these values are
essentially zero along the entire crack front. It may be observed that Ky and Ky are not symmetric with
respect to the center line of the plate. In addition, K i rises to about 8.4% of the two-dimensional K value,
whereas K m rises to about 2.3% of this value. It may be noted that these increases occur over distances of
10% to more than 20% of the plate thickness.

For pure in-plane shear shown in Fig. 6¢c, normalized stress intensity factors are presented in Fig. 9. The
normalizing factor is that for the two-dimensional solution for the same infinite body, namely, Ky; = t/7a.

a | b o[
116} L -
\ 1sotropic 0.06 1_
A H - - - - cubic A . f\(
Ki 112 K T‘/ I
0.02 —\ A
s L — | _:_ _:"/' \\-
1.08 0.0 L\ R 0.2 0.4 0.6 0.8 .\1 z/B
KIII .\
1.04 -0.06/— \
0.1

1.00

Fig. 8. (a) Values of K 1 as a function of plate thickness for the tensile load. (b) Values of K 1 and K m for the triclinic material.
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Interestingly, the values for Ky in the center of the plate approach unity for the isotropic and triclinic mate-
rials (see Fig. 9a). Symmetry about the center of the plate is achieved for the isotropic, as well as the cubic and
transversely isotropic (6, = n/4) materials. The results for the triclinic material are not symmetric. The surface
effects may be noted. In addition, as seen in Fig. 9b, the values of Ky are anti-symmetric with respect to the
plate centerline for all but the triclinic material. In that case, the values are nearly anti-symmetric. A clear sur-
face effect is observed. Finally, the behavior of K 1 1s not shown. For all but the triclinic material, its value is
essentially zero. For the triclinic material, K| rises to above 4% of the plane strain Kjj value near one surface
and oscillates between 1% and —0.5% at the other surface.

3.3. Brazilian disk specimen

The Brazilian disk specimen illustrated in Fig. 10 is studied in this section. The specimen is analyzed for
several crack lengths with 0.2 < a/R < 0.8 where 2a is crack length and R is the radius of the disk. Three mate-
rials are considered: isotropic and two anisotropic cases. For the isotropic material, Young’s modulus
E = 1x10° psi and Poisson’s ratio v = 0.4. Of course, for isotropic material and traction boundary conditions,
the stress intensity factors do not depend upon mechanical properties. For the two anisotropic cases, the cubic
material properties in Table 1 are rotated with respect to the crack axes. In the first, the local crack front axes
have the following orientation with respect to the material axes (110/111) where (x/y) are the directions
shown in Fig. 10. The matrix of direction cosines is given by

1 1
s o0
1 _ € I
=1V VBV (37)
1 1 2
V6 TV Ve

Using Eq. (45), it is possible to obtain the Euler angles as 0. = 50.7685°, 0, = —24.0948° and 0, = 26.5650°. In
the second case, (x/y) = (112/111) so that

1 e _2
% V3
2 _ | L 1 1
=1k B | (38)
1 _1
i TV

Here the Euler angles are 0. = —35.2644°, 0, = —45.0° and 0, = —90.0°.

For isotropic material and the (110/111) material configuration, the loading angle is taken to be 0 = 8°.
For these two cases, symmetric results are obtained for positive and negative values of 6. For the cubic mate-
rial rotated to the crack axes, the material appears monoclinic with x = 0 a symmetry plane. For the (112/

a b
1.03-\— 0.6
0.41—
1.04 'l.' N s>
l‘ & 02
A
K
Ky 111
isotropic 04 06
0.96f .
H — — — cubic H 4
; R I 021
= e 0y=45
092 —-—triclinic l
: i’ 04
L 1 1 1 1
088 0.2 0.4 0.6 0.8 1 -0.6

z/B

Fig. 9. (a) Values of 1A<u and (b) I?IH as a function of plate thickness for the in-plane shear load.
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—ABk—
Fig. 10. The geometry of the Brazilian disk specimen.

111) material configuration, both 0 = 8° and —8° are considered. This material appears to be a monoclinic
material with z =0 a plane of symmetry.

A typical mesh used in the analyses is shown in Fig. 11. The meshes contained between 4128 and 5588
isoparametric elements and 15,024-20,558 nodal points, respectively, depending upon crack length. Although
three-dimensional behavior was observed at the specimen surfaces for the thick plate, the mesh here contains
two elements in the thickness direction with periodic conditions applied to its front and back surfaces to
enforce plane strain conditions. The mesh contains predominantly fifteen noded wedge elements, with
quarter-point wedge elements at the crack fronts. There is a ring of twenty noded brick elements connected
to the quarter-point wedge elements.

The stress intensity factors Kj, Ky and Ky are obtained by means of the M-integral using q(lz) in Fig. 4b.
This yields a value at the center line of the mesh. The stress intensity factors are normalized so that

K= K (39)

oyma’

where m = I, 11,111,
P

0=

nRB
and B is specimen thickness.
For the loading angle = 8°, results for all material cases are plotted in Fig. 12a. This plot includes the
three modes for isotropic material and the two cubic cases. It may be observed that the Ky and Ky values
for the three materials are rather similar. The isotropic material leads to the highest values of K. For the cubic
material with directions (110/11 1), the highest absolute values of K; are obtained. The absolute value of Ky
increases monotonically as crack length increases. The mode I stress intensity factor reaches a maximum and

(40)

b
ERERRRES )
vy N
]

V%
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ISR :
“'v‘g'?ég%& SRR
SRS SN SRR

S
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P\/\ x4 v <]
/‘C / 4 uf

Fig. 11. (a) The mesh used for analyzing the Brazilian disk specimen. (b) Detail surrounding the crack.

Please cite this article as: Leslie Banks-Sills et al., Methods for calculating stress intensity factors in anisotropic ..., En-
gineering Fracture Mechanics (2006), doi:10.1016/j.engfracmech.2006.07.005




321
322
323
324
325
326
327
328
329

330

331
332
333
334
335
336
337
338
339
340
341
342
343
344

345
346

347
348

350
351

L. Banks-Sills et al. | Engineering Fracture Mechanics xxx (2006) xxx—xxx 13

isotropic A\

cubic <110/111> R\ L
- cubic <112/111>

3L 0 . . . . .
} 0.2 0.4 0.6 0.8 aR

Fig. 12. Values of the normalized stress intensity factors X as a function of normalized crack length a/R for a Brazilian disk specimen
(a) made of isotropic and cubic material when 6 = 8° and (b) made of cubic material with (11 ZJ 111) and 6 = —8°.

then decreases; at a/R = 0.8 its value is less than or equal to its value at a/R = 0.2 for each material type. Of
course, one must consider a mixed-mode failure criterion to predict failure. Values of Ky are zero for the
isotropic material and the cubic material with directions (112/111). For those two cases, there is material
symmetry with respect to the plane z = 0. Of course, this occurs at the center of the specimen. It is expected
for the finite thickness specimen, that values of I?HI will not be zero away from the centerline. As may
be observed in Fig. 12a, the value of Ky is positive for the right crack tip (see Fig. 10) for most values of
a/R; for the left crack tip, the opposite sign is obtained. Finally, in Fig. 12b the behavior of the normalized
stress intensity factors is completely different for (112/111) and 6 = —8°. Both K; and Ky increase with
increasing crack length.

4. Summary and conclusions

In this study, a three-dimensional, conservative M-integral is presented for a generally anisotropic body
containing a crack. With the M-integral, the stress intensity factors may be obtained separately. To this
end, the first term of the asymptotic expansion of the displacement fields determined in [2] for a crack in a
general anisotropic material are employed as an auxiliary solution. Finite element analysis are conducted
to determine the displacement field of the actual cracked body.

Excellent results were obtained for several benchmark problems by employing the asymptotic displacement
field in a finite element formulation. The ‘intrinsic’ error of the M-integral was seen to be small. Two problems
were considered: a thick plate and a Brazilian disk specimen. For the thick plate, results obtained within the
specimen were close to that of a two-dimensional solution for both tension and in-plane shear. Edge effects
were particularly noticeable for anisotropic material. New results were presented for Brazilian disk specimens
of cubic material rotated with respect to the specimen axes. For this case, the surfaces of the specimen were
constrained to enforce plane strain conditions. In another study, three-dimensional effects will be examined.

The M-integral is an effective and accurate method for calculating stress intensity factors in mixed-mode
situations. It has been extended here to generally anisotropic materials.

Appendix. Relation between crack front, global and material coordinates

The case of orthotropic material properties in the material coordinates x; is considered. Here, there are nine
independent material properties, Young’s moduli, £, E,, E3, Poisson’s ratios, vj,, v»3, Vi3, and shear moduli,
G1», Gos, G31. The relation between the Young’s moduli and Poisson’s ratios is given by

V{j Vi
Vi _ Vi 41
E. E;’ (41)

where there is no summation, and 7, j=1,2,3.
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The compliance matrix in the material coordinate system is

[1/E, —vi/E1 —vi3/E) 0 0 0 7
1/E;,  —vn/Es 0 0 0
§_ 1/E; 0 0 0 (2)
1/Gx 0 0
0 1/Gy; 0
| sym 0 0 1/G, |

The matrix in Eq. (42) may be inverted to yield the stiffness matrix as
cC=S" (43)
The stiffness and compliance matrices must be rotated to the global finite element coordinate system, as well as
the crack tip coordinate system. To this end, the 3 X 3 matrix of direction cosines t is defined between the two
coordinate systems. There are several ways to carry out this transformation. The finite element community
typically uses for the two-dimensional transformation, for example,
cosf) —sinf 0
B;=|sin0 cost O]. (44)
0 0 1
It may be noted that the elasticity community uses the transform of this matrix (see for example, [12] pp. 28-31
or [13] p. 40, eq. (2.5-6)).

For three dimensions, the direction cosines in terms of Euler angles are obtained. Three rotations are
defined. The first is 0, which is taken with respect to the original material axis x;. After that rotation is carried
out, a rotation about the new x; axis is defined as 6,. Finally, a rotation is taken about the new x,-axis and
defined as 0,. The reader should not be confused by the subscripts of these angles. They are not taken with
respect to the crack axes. With these angles, the direction cosines are found as

t11 = cos . cos ), —sin0.sin 0, sin0,,

t;» = —sin 6, cos 0,,

t13 = cos 0, sin 0, + sin 0, sin 0, cos 0,

t1 = sin 0. cos 0, + cos 0. sin 0, sin 0,,

t» = cos 6, cos 0,, (45)
tr3 = sin0,sin 0, — cos 0, sin 0, cos 0,,

t31 = —cos O, sin0,,

iy sin QX,

t33 = cos 0, cos 0.

If the transformation is carried out as done by the elasticity community, some of the signs in #; change and the

Euler angles are the negative of those defined above. But the same matrix of direction cosines is found.
Following Ting [13], pp. 54-55, the components of the 3 x 3 matrix of direction cosines may be used to for-

mulate two 6 X 6 matrices for rotating the material stiffness and compliance matrices. These matrices are given as

4, n, 1 tati3 tiztn titn
5, 3, 1, tnt3 13t bty
A I f EPYEY) 133131 Bt
R, — 31 » 3 (46)

2ty 2oty 2batzy tolzs 4 bty btz itz bitan 4 tots
25t 2ty 233tz otz sttty itz Bitn + ot
L 2tity 2tintyy 23ty tiobs sty tista Ftits tutn + ot
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and
[ 2 £, B 21213 211311 2t1ts
5, 5, B 2ty 213ty 21t
R — G, 13 15 25t3; 23313 25113 ()
buts) oty taalsy  tntzz +intsy tals) +Ialsy Dtz + ints)
Bttty tptiy ot ity st iy it + ity
Lintar  tintn tisty tiols +tistn tista +tats tuln 4t
With respect to the global coordinate system, the rotated material matrices are
C* =R.CR!, (48)
S* = R,SR!. (49)

After the finite element results are obtained, the M-integral is implemented in the local, crack tip coordinate
system (X, y, z). Once again the compliance and stiffness matrices are rotated. This time from the global finite
element coordinate system to the crack tip coordinates. The matrix of direction cosines is denoted as t’. The
transformation of the material matrices is given by
C=R.C'R,
S=RS'R]".

(50)
(51)

The components of R and R; are the same as that of R. and R, with the components of t replaced by those of
t’ where the latter 3 x 3 matrix contains the directions cosines between the local crack tip coordinate system
and the global finite element coordinates.
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